The purpose of the present paper is to investigate some characterizations for the Wright functions to be in the subclasses S˚pα, βq and Cpα, βq pα, β P r0, 1qq. Several sufficient conditions are obtained for the normalized Wright functions to be in these classes. Results obtained in this paper are new and their usefulness is put forth by several corollaries.
Introduction, Definitions and Preliminaries
It is well known that special functions play an important role in geometric function theory. It is also well known that the application area of special functions is not limited to the theory of geometric functions. There are wide ranges of applications of these functions in many problems as well as in other branches of mathematics and applied sciences.
In this paper, we will examine the function φpλ, µ; zq " , λ ą´1, µ, z P C (1) named after the British Mathematician E. M. Wright. This function appeared for the first time in the case λ > 0 in connection with Wright's investigations in the asymptotic theory of partitions [1] . Later on, many other applications were found in Mikusinski operational calculus and in the theory of integral transforms of the Hankel type. Furthermore, extending the methods of Lie groups in partial differential equations to the partial differential equations of fractional order, it was shown that some of the group-invariant solutions of these equations can be given in terms of the Wright and the generalized Wright functions. Recently, Wright functions have appeared in papers related to partial differential equations of fractional order. It was found that the corresponding Green functions can be represented in terms of the Wright functions [2, 3] . A series of papers are devoted to the application of the Wright functions in partial differential equations of fractional order extending the classical diffusion and wave equations [4] . Mainardi obtained the result for a fractional diffusion wave equation in terms of the fractional Green function involving the Wright functions [5] . The scale-variant solutions of some partial differential equations of fractional order were obtained in terms of special cases of the generalized Wright functions by Buckwar and Luchko [6] and Luchko and Gorenflo [7] . If λ is a positive rational number, then the Wright function φ(λ, µ, z) can be represented in terms of the more familiar generalized hypergeometric functions (see [8] , Section 2.1). In particular, when λ = 1 and µ = p + 1, the functions φ(1, p + 1;´z 2 /4) are expressed in terms of the Bessel functions J p (z), given as follows:
Furthermore, the function φpλ, p`1;´zq " J λ p pz) pλ ą 0, p ą´1q is known as the generalized Bessel function (sometimes it is also called the Bessel-Wright function). Also, the Wright function generalizes various simple functions such as the Array function, the Whittaker function, (Wright-type) entire auxiliary functions, etc. For the details, we refer to [8] .
Let A be the class of analytic functions f pzq in the open unit disk U " tz P C : |z| ă 1u, normalized by f p0q " 0 " f 1 p0q´1 of the form f pzq " z`8 ÿ n"2 a n z n (3) Also, let S˚pαq and Cpαq denote the subclasses of A consisting of functions which are, respectively, starlike and convex of order α pα P r0, 1qq in the open unit disk U. Thus, we have [9, 10] S˚pαq "
Cpαq "
In the special case, S˚" S˚p0q and C " Cp0q are starlike and convex functions, respectively. An interesting generalization of the functions, the classes S˚pαq and Cpαq are provided by the classes S˚pα, βq and Cpα, βq of functions f P A, which satisfies the following conditions:
Cpα, βq "
respectively. Clearly, for β " 0, we have S˚pα, 0q " S˚pαq and Cpα, 0q " Cpαq.
Remark 1.1. For f P A, observe that f pzq P Cpα, βq ô z f 1 pzq P S˚pα, βq .
Note that the Wright function φpλ, µ; zq defined by Equation (1) does not belong to class A. Thus, it is natural to consider the following normalization of the Wright function:
Easily, we can write
Furthermore, observe that Φ p1q pλ, µ; zq and Φ p2q pλ, µ; zq are satisfied in the following equations:
where V λ,µ pzq "
Here, J p pzq is the normalized Bessel function. Several researchers have studied classes of analytic functions involving special function F Ă A to find different conditions such that the members of F have certain geometric properties such as starlikeness and convexity in U. There is extensive literature dealing with various properties, generalizations and applications of different types of hypergeometric functions [4, [11] [12] [13] [14] [15] [16] [17] .
Recently, there have been many studies about various properties of hypergeometric functions. On this matter, one can see the works [8, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . In these studies, geometric properties such as starlikeness, convexity and univalency have usually been investigated. Furthermore, in the work by Dziok and Srivastava in [18, 19] , the analytic function classes related with the generalized hypergeometric function were studied. For these classes, coefficient analysis, distortion theorems, extreme points and the radii of convexity and starlikeness are given. In [20] , classes related to some generalized Fox-Wright hypergeometric functions and convolution operations were taken and their properties were researched. Moreover, in [21] it was shown that Dziok-Srivastava and Srivastava-Wright operators were defined from A to A and a criterion was given for these operators to be univalent. In [22] , univalence, starlikeness and convexity of the following generalized hypergeometric function given in the formula below were investigated:
Furthermore, in this work, applications of generalized hypergeometric functions were given. In the works mentioned above, various properties of generalized hypergeometric functions were investigated.
In the geometric function theory, investigating geometric properties of an analytic function given in the open unit disc is a research subject. On this subject, there are many works such as [11] [12] [13] 17] . In [23] , Prajapat investigated some geometric properties such as starlikeness and convexity of the normalized Wright functions Φ p1q pλ, µ; zq and Φ p2q pλ, µ; zq. Investigating geometric properties of the normalized Wright functions Φ p1q pλ, µ; zq and Φ p2q pλ, µ; zq in a class more generalized than the class of starlike and convex functions is also a research interest. In this paper, we investigate the normalized Wright functions Φ p1q pλ, µ; zq and Φ p2q pλ, µ; zq in the classes of S˚pα, βq and Cpα, βq which are generalizations of S˚pαq and Cpαq, respectively. Several sufficient conditions for the normalized Wright functions Φ p1q pλ, µ; zq and Φ p2q pλ, µ; zq to be in the classes of S˚pα, βq and Cpα, βq are given. From the obtained results, using specific values for α and β parameters, better results than those of previous results found in the literature are obtained.
The following lemmas will be required in our investigation. 
Setting n 2 " pn´1qpn´2q`3pn´1q`1, n " pn´1q`1 and by simple computation, we get
Under the hypothesis λ ě 1, the inequality Γpn´1`µq ď Γppn´1qλ`µq, for n P C, holds. This inequality is equivalent to Γpµq Γppn´1qλ`µq ď 1 pµq n´1
, n P C
Here, pµq n "
Γpn`µq Γpµq
" µpµ`1qpµ`2q¨¨¨pµ`n´1q, pµq 0 " 1 is the Pochhammer (or Appell) symbol defined in terms of the Euler gamma function. Using Equation (14), we obtain
Further, the inequality pµq n´1 " µpµ`1qpµ`2q¨¨¨pµ`n´2q ě µpµ`1q n´2 , n P C (15) holds and this is equivalent to 1{pµq n´1 ď 1{µpµ`1q n´2 , n P C. Using Equation (15) 
and by simple computation, we can write
Using Equations (14) and (15) p1´αq " p2´e 1{pµ`1q qµ`p1´e 1{pµ`1ı pµ`1q´rp3´αqpµ`1q`1s e 1{pµ`1q ě 0.
By taking α " 0 in Corollary 2.1 and Corollary 2.2, we obtain the following corollaries.
Corollary 2.3. Let λ ě 1 and µ ą x 0 , where x 0 -2.4898 is the root of the equation
Corollary 2.4. Let λ ě 1 and µ ą x 1 , where x 1 -4.8523 is the root of the equation
Theorem 2.3. Let λ ě 1 and assume the following condition is satisfied:
Then, normalized Wright function Φ p2q pλ, µ; zq belongs to the class S˚pα, βq.
Proof.
Since
Γpλ`µq Γpλpn´1q`λ`µq z n n! and by virtue of Lemma 1.1, it suffices to show that
Γpλ`µq Γppn´1qλ`λ`µq
By simple computation, we obtain
Using Equations (14) and (15), with µ " λ`µ, we get
Thus,
which is equivalent to
Thus, the proof of Theorem 2.3 is complete. By setting β " 0 in Theorem 2.3, we arrive at the following corollary.
Corollary 2.5. The normalized Wright function Φ p2q pλ, µ; zq belongs to the class S˚pαq if λ ě 1 and the following condition is satisfied:
1{pλ`µ`1q´1 q ě 0.
By taking α " 0 in Corollary 2.5, we obtain the following corollary.
Corollary 2.6. Let λ ě 1 and λ`µ ą x 2 , where x 2 -1.7703 is the root of the equation 
By taking α " 0 in Corollary 2.7, we obtain the following corollary.
Corollary 2.8. Let λ ě 1 and λ`µ ą x 0 , where x 0 -2.4898 is the root of the equation [23] , (p. 206, Theorem 2.7 (a), (c))).
Sufficient Conditions for the Normalized Bessel Function J p pzq
In this section, we will give sufficient conditions for the normalized Bessel function to be in the classes S˚pα, βq and Cpα, βq.
Setting λ " 1, µ " p`1 and z "´z in Theorem 2.1, from Equation (13) we obtain the following results. Setting λ " 1, µ " p`1 and z "´z in Theorem 2.2, from Equation (13) we obtain the following results. 
Concluding Remarks
In this study, two kinds of normalizations of the Wright function are considered. These normalized Wright functions are examined in the generalized classes of the starlike and convex function classes. In the study, several sufficient conditions for the normalized Wright functions are obtained. The results obtained in this study are compared with the results obtained by Prajapat [23] .
